Abstract. We prove that the Ricci flow equation for left invariant metrics on Lie groups reduces to a first order ordinary differential equation for a map Q : (−a, a) → U T , where U T is the group of upper triangular matrices. We decompose the matrix R ij of Ricci tensor coordinates with respect to an orthonormal frame field E i into a sum
Introduction
Let g(t) be a smooth one-parameter family of metrics on a manifold M. The Ricci flow equation defined by Richard Hamilton in 1982 [6] is:
(1) ∂ ∂t g ij (t) = −2R ij This equation can be considered as generalization of the heat equation:
where T is the temperature and λ is the thermal diffusion. Note that the Ricci flow defined by the equation (1) is known as an unnormalized Ricci flow. When the manifold M is closed one can define a normalized Ricci flow given by the equation ∂ ∂t g ij = −2R( g) ij + 2 n r g ij where r = 1 V ol(M) M R( g)dV g [12] .
The Ricci flow equation was defined to study Thurston's geometrization conjecture (for relations between the geometrization conjecture and the Ricci flow see [4] ). In this framework one of the main problems is the stability of solution, that is, to find if a solution g(t) of (1) is stable in time, that is, to study whether g(t) converges as t → ∞. Now let us give several elementary examples.
Example 1. Consider the sphere of radius r in the Euclidean (n + 1)-space. The metric tensor is
where g is the standard metric of the unit sphere S n , and ρ = r 2 . Then
hence R ij is independent of r. The Ricci flow equation (1) reduces to
with solution
This example shows that the flow is a family of spheres which change the radius starting at the radius r(0). This solution collapses at the finite time t = ρ(0) 2(n − 1) Using certain ideas of Hamilton such as rescaling the metric with the volume remaining constant, G. Perelman showed that such collapse can be eliminated by performing a kind of surgery on the manifold and the solution converges or admits Thurston's decomposition (for detailed information we refer the reader to [6] , [11] , and [9] ). Example 2. In Example 1, the sphere S n is an Einstein manifold, i.e. the metric g satisfies the equation Rc( g) = λ g for some λ ∈ R. In general, if the initial metric g is Einstein, then we can define the 1-parametric family
which is a solution of Ricci flow equation(1) with g(0) = g.
Example 3.
Here we give an example of solution g(t) of (1) which is not a family of Einstein metrics. Let M = R 2 and set
Then we have
The Ricci flow equation (1) reduces to f t = −2R 11 and µ t = −2R 22 , hence follows that
which imply that f = λµ, and
In the second equation we set µ(x, t) = X(x)T (t), then
The family of metrics is:
, where f (t, x) = λµ(t, x)
Substituting this to (1), we finally get the solution:
which has the Ricci tensor:
2 2 Thus the metrics g(t) are not Einstein.
In the present paper we consider the Ricci flow equation (1) for left invariant metrics on Lie groups. We prove that the Ricci flow equation for these metrics reduces to a first order ordinary differential equation for a map Q : (−a, a) → UT , where UT is the group of upper triangular matrices. We decompose the matrix R ij of Ricci tensor coordinates with respect to an orthonormal frame field E i into a sum
This allows us to specify several cases when the differential equation can be simplified. As an example we consider threedimensional unimodular Lie groups. Note that for four-dimensional unimodular Lie groups the Ricci flow equation was considered in details in [7] .
Part I: Ricci Flow of left invariant metrics
Let G be a Lie group. To deal with the Ricci flow equation for left invariant metrics, it is convenient to consider the Lie algebra g of G as the Lie algebra of left invariant vector fields on G. Then any left invariant metric tensor field g on G is uniquely determined by the scalar product , : g × g → R as follows:
Let ∇ be the Riemannian connection of g. Then for any left invariant frame field E i , the connection coefficients Γ k ij determined by
Now, for the reader's convenience, let us recall calculation of the coordinates of Ricci tensor of g with respect to the left invariant orthonormal frame field.
Ricci tensor of left invariant metric. Proposition 1. Let {E i } be an orthonormal frame of g with respect to , . Then
where
On the other hand the structure constants and the torsion tensor are defined by
. If the metric is torsion-free, then we have
From the last equation, by permuting {i, j, k}, we obtain
Proposition 2. Let {E i } be an orthonormal frame of g, and
The coordinates of Ricci tensor with respect to an orthonormal frame {E i } of g with respect to , are
Proof. From the definition of the Riemann curvature tensor we have
then we obtain the Ricci tensor: Ricci flow equation for left invariant metrics. We will rewrite the Ricci flow equation (1) in terms of the orthonormal frames. For a smooth one-parameter family g(t) of left invariant metrics on G, we take a smooth one-parameter family {E i (t)} such that g(t)(E i (t), E j (t)) = δ ij (one can easily prove that for any orthonormal frame {E i } with respect to g 0 we can find {E i (t)} such that E i (0) = E i ). Now, given a left invariant metric g 0 , fix an orthonormal frame {E i } of g 0 , then {E i (t)} is uniquely determined by a curve Q(t) in GL(n), where
Then the structure constants of g with respect to E i (t) are expressed by
, and for the coordinates of the Ricci tensor R(t) of g(t) we have
(18)
Proposition 3. The family g(t) is a solution of the Ricci flow equation (1) if and only if the curve Q(t) defined by (16) satisfies
Then, we have d dt g(t) = −2R, and
hence follows (19).
Reduction to the subgroup of upper triangular matrices. From proposition 3 it follows that in order to solve the Ricci flow equation (1) we need to find a curve Q(t) in GL(n) satisfying (19). The following proposition demonstrates that it is sufficient to take Q(t) in the subgroup UT (n) of upper triangular matrices. Let Q(t) be a solution of (19). Using the QR-decomposition, one can demonstrate that
where B(t) is a smooth curve in UT (n) and U(t) is a smooth curve in the group O(n) of orthogonal matrices.
Proposition 4. A curve Q(t) in GL(n) is a solution to (19) if and only if the curve B(t) in UT (n) determined by ( 20) is a solution to (19).
Proof. We take the vector spaces Λ
and consider the standard right GL(n)-representations:
We have maps
, given by (10)- (13).
R(C), and thus R(T Λ (U)C) = T S (U)R(C).
Proof. Direct calculation.
Now we can write (19) as
By definition, U(t) is a curve in O(n), therefore U −1 (t) = T U(t), and
lies in the Lie algebra o(n) of the Lie group O(n), hence is a skewsymmetric matrix. Thus we have
Thus, Q(t) = B(t)U(t) is a solution to (19) if and only if Q(t) = B(t)U(t) is a solution to (19).
Remark 2. From proposition 4 it follows that we can take Q(t) in the Lie group UT (n), which is smaller than GL(n). However, the equation system (19) remains huge, so it is difficult even to write down it explicitely, to say nothing about solution. At the same time, we know that 1 R is a symmetric 2-form, so it is quite natural to choose the initial orthonormal frame {E i (0)} such that 1 R has a diagonal matrix with respect to it. We may suppose that (19) simplifies in this case. In the next section we exemplify this idea in case G is a three-dimensional unimodular group.
Part II: Three-dimensional unimodular groups
Let G be a three-dimensional unimodular Lie group. Since the unimodular group has the property that C s sk = 0, we have 2 R = 0.
Lemma 2. A three-dimensional Lie group G is unimodular if and only
if with respect to any frame E i the Lie algebra g of G has structure constants:
In particular, the matrix || 1 R jk || is diagonal if and only if
Proof. The set of structure constants C (21), we obtain the following cases:
The structure constants are
Remark 3. Note that, if a 1 = a 2 = a 3 = 1, the algebra g ∼ = so(3).
The nonzero coordinates of Ricci tensor are:
Thus with respect to this frame both tensors R and
If we take Q(t) ∈ ∆(3), where ∆(n) is the subgroup of nondegenerate diagonal matrices in GL(n), such that
then the nonzero coordinates of Ricci tensor are: Remark 5. The calculations were performed by computer system Maxima.
